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The analog of the Shauder inequality for losed surfaes in
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Abstrat
The analog of the Shauder inequality for losed surfaes in Eulidean spaes is obtained in this
artile.
Introdution
Let En be n-dimensional (n > 1) Eulidean spae. Let D be the nite domain in En, ∂D be
the boundary of D, D¯ be the losure of D. Let (x1, ..., xn) be the Cartesian oordinates in
En.
Denition 1 . We say, that funtion f on D is of lass Ck,s(D¯) , k ≥ 0, s ∈ (0, 1), if it has
ontinuous partial derivatives up to k-th order inlusively and bounded value
|f |(D)k,s =
k∑
|i|=0
sup
x∈D
|∂|i|f(x)|+
∑
|i|=k
sup
x1,x2∈D
|∂|i|f(x1)− ∂
|i|f(x2)|
|x1 − x2|s
. (1)
Partial derivatives of funtion f(x) are denoted by ∂|i|f(x) ≡ ∂
|i|f(x)
∂i1x1...∂inxn
, where |i| = i1 +
... + in is the order of derivative. |x| = (
∑n
i=1(x
i)2)1/2, where (x1, ..., xn) are the oordinates
of point x ∈ En.
The value |f |(D)k,s we all the norm of funtion f in the spae C
k,s(D¯). It is known (see
[1℄) that the spae Ck,s(D¯) with norm denoted by formula (1) is omplete normed spae.
We dene the ylinder CR,L in E
n
by the following formula:
CR,L =
{
x :
n−1∑
i=1
(xi)2 < R2,−2LR < xn < 2LR
}
,
where L = const > 0, R = const > 0, and let x = (0, 0, ..., 0) be alled its enter.
1
Andrei I. Bodrenko, assoiate professor, Department of Mathematis, Volgograd State University,
Universitó Prospekt 100, Volgograd, 400062, RUSSIA. Email: bodrenkomail.ru
1
Denition 2 . Domain D is alled stritly Lipshitzian if for every point x0 ∈ ∂D it an be
introdued the oordinates
uk =
n∑
l=1
ckl (x
l − xl0), k = 1, n,
where ||ckl || is orthogonal matrix suh that the intersetion of ∂D and the ylinder C¯R,L
orresponding to the oordinates {uk} , is given by the equation
un = ω(u,n), u,n ≡ (u1, ..., un−1),
where ω(u,n) is Lipshitzian funtion for |u,n| ≤ R with Lipshitz onstant bounded by L,
and
D¯ ∩ C¯R,L =
{
u : |u,n| ≤ R, −2LR ≤ un ≤ ω(u,n)
}
.
The numbers R and L are xed for the domain D.
Arbitrary onvex domain is stritly Lipshitzian (see [1℄).
Let x0 = (x
1
0, ..., x
n
0 ) be a point of ∂D, where surfae ∂D has tangent plane.
Denition 3 . We all (u1, ..., un) the spei loal oordinate system with origin at the point
x0 if the oordinates {u
k} and {xk} satisfy the following equations: uk =
∑n
l=1 c
k
l (x
l − xl0),
k = 1, n, and the axis un is direted to the normal of ∂D at the point x0, that is outward for
D.
Denition 4 . DomainD is alled the domain of lass C l,s, l ≥ 1, if it is stritly Lipshitzian
and the oordinates {uk} that are given in the denition 2 are the spei loal oordinates,
the funtion un = ω(u,n), dening the equation of the surfae ∂D is of lass C l,s(|u,n| ≤ R).
Denition 5 . We will say that the boundary ∂D of domain D is of lass C l,s if for every
point x0 ∈ ∂D there an be introdued the the spei loal oordinates suh that the funtion
un = ω(u,n) is of lass C l,s(|u,n| ≤ R).
Let the boundary ∂D of the domain D is of lass C l1,s1, s1 ∈ (0; 1). Let on ∂D be given
the funtion ϕ(x), x ∈ ∂D.
Denition 6 . We will say that funtion ϕ(x) is of lass C l,s(∂D) if it as a funtion of the
spei loal oordinates u,n = (u1, ..., un−1) introdued for every point x0 ∈ ∂D is of lass
C l,s(|u,n| ≤ R), where |u,n| ≤ R is the base of ylinder orresponding to the point x0.
Denition 7 . Norm |ϕ|(∂D)l,s of funtion ϕ , given on the surfae ∂D is alled the greatest
of the norms |ϕ(u,n)|(|u,n|≤R)l,s, alulated for all points x0 ∈ ∂D.
Let F be the losed orientable hypersurfae in Eulidean spae En+1. Let (y1, ..., yn+1)
be the Cartesian oordinates in En+1. Let U be arbitrary open set on F.
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Denition 8 . Couple (U, h) is alled the admissible map of lass Ck,s if:
1) h is the homeomorphism U on the open ball Kr of radius r > 0 in E
n;
2) the inverse mapping h¯−1(x) ≡ (f 1(x), ..., fn+1(x)), x ∈ Kr, satises the ondition:
fα ∈ Ck,s(K¯r), α = 1, n+ 1.
Denition 9 . F is alled the surfae of lass Ck,s if the following onditions hold:
1) F is the surfae of lass Ck;
2) on F, there exists the nite aggregate {(Ui, hi)}i=1,N of admissible maps of lass C
k,s,
where the olletion of sets (Ui)i=1,N is open overing of F ;
3) if Ui ∩ Uj 6= ∅ then the mapping hj ◦ h
−1
i is dieomorphism of lass C
k
of hi(Ui ∩ Uj)
on set hj(Ui ∩ Uj).
Denition 10 . The aggregate {(Ui, hi)}i=1,N of the admissible maps onsidered in denition
9 is alled the admissible atlas of lass Ck,s of hypersurfae F.
Denition 11 . Funtion f determined on surfae F, is alled the funtion of lass Cp,s(F ),
p < k, if
1) on hypersurfae F, there exists the admissible atlas {(Ui, hi)}i=1,N of lass C
k,s
and
2) f ◦ h−1i ∈ C
p,s(K¯ri), i = 1, N .
We x the admissible atlas {(Ui, hi)}i=1,N of lass C
k,s
of hypersurfae F .
Let be given the funtion f ∈ Cp,s(F ). The norm of funtion f in spae Cp,s(F ) is
determined by the following formula:
|f |(F )p,s = max
i
|f ◦ h−1i |(Kri)p,s.
We will prove that the obtained normed spae is omplete. Let {fm}
∞
m=1 be the Cauhy
sequene of funtions fm of lass C
p,s(F ), therefore ∀ε > 0 and for every natural number l
|fm+l − fm|(F )p,s < ε,
for all saiently large m. Then, from the denition of norm, we obtain
|fm+l ◦ h
−1
i − fm ◦ h
−1
i |(Kri)p,s < ε.
Sine the funtion spae Cp,s(K¯ri) is omplete normed spae, then the sequene of funtions
{fm ◦h
−1
i } on K¯ri has limit: f ◦h
−1
i = limm→∞ fm ◦h
−1
i . Sine f ◦h
−1
i ∈ C
p,s(K¯ri), ∀i = 1, N,
then f ∈ Cp,s(F ).
1 Statement of the result.
Let F ∈ C3,s, where s ∈ (0; 1). Let {(Ui, hi)}i=1,N be the admissible atlas F of lass C
3,s
.
Let (U, h) be an arbitrary map from the olletion {(Ui, hi)}i=1,N . Then the hypersurfae F
on map (U, h) is determined by the following equation system:
yα ≡ h−1α(x) = fα(x1, ..., xn), α = 1, n+ 1, (x1, ..., xn) ∈ Kr (2)
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Consider the dierential operator A on F that, on map (U, h), is dened by:
A =
n∑
k=1
n∑
p=1
akp∂k(∂p) +
n∑
j=1
bj∂j + c. (3)
Let akp = apk, and the operator A is stritly ellipti on F, i. e.
n∑
k=1
n∑
p=1
akp(x)ζkζp ≥ ν
n∑
k=1
(ζk)
2, ν = const > 0, ∀ζk, k = 1, n.
Let, on F, be given a funtion f of lass C2,s(F ). Then we have:
A(f ◦ h−1(x)) =
n∑
k=1
n∑
p=1
akp(x)∂k(∂p(f ◦ h
−1(x))) +
n∑
j=1
bj(x)∂j(f ◦ h
−1(x)) + c(x)f ◦ h−1(x),
where x ∈ Kr for every admissible map (U, h) of lass C
3,s.
Theorem 1 . Let funtion f be a solution of lass C2,s(F ) of the problem: Af = γ, where
c(x) 6= 0 on F, γ ∈ C0,s(F ), akp ∈ C0,s(F ), bj ∈ C0,s(F ), c ∈ C0,s(F ). Then the following
inequality holds:
|f |(F )2,s ≤M |γ|(F )0,s,
where the onstant M depends on s, n, the surfae F, the oeients akp, bj , c (k, p, j = 1, n)
and the admissible atlas on F {(Ui, hi)}i=1,N of lass C
3,s
.
2 Auxiliary onjetures.
Note 1 : Let f be the funtion of lass C2,s(F ), {Ui, hi} be the admissible map on F, hi(Ui) =
Kri. Let x0 ∈ ∂Kri. Consider the spei loal oordinates (x
1, ..., xn) for the point x0 where
xn = ω(x1, ..., xn−1). Then the intersetion of the ylinder C¯R,L at the point x0 and the surfae
∂Kri is given by: x
n = ω(x1, ..., xn−1), |(x1, ..., xn−1)| ≤ R. We assume that the spei loal
oordinates were introdued in the ball Kri.
Let Oi(x0) be an open domain in Kri suh that O¯i(x0) ⊃ (∂Kri ∩ C¯R,L). Let Bρj (x0) be
an open ball â En of radius ρj with enter at the point x0.
We will prove several lemmas before the theorem 1.
Lemma 1 . There exist numbers R,L,Q and set olletion {Oi(x0)}i=1,N suh that for every
point x0 ∈ ∂Kri and for all i = 1, N the following onditions hold:
1) ∃j 6= i suh that h−1i (Oi(x0)) ⊂ Uj.
2) ∃ρj > 0 suh that hj(h
−1
i (Oi(x0))) ⊂ Bρj (x0) ⊂ Krj , where dist(Bρj (x0), ∂Krj ) ≥ Q >
0.
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Proof of lemma 1 follows from denition 10, ompatness of ∂Krj , denition 2 and
niteness of overing {Ui}i=1,N , for suiently small numbers R and L.
We x numbers R,L,Q, point x0 ∈ ∂Kri and set olletion {Oi(x0)}i=1,N , that satisfy
lemma 1.
Lemma 2 . Under the onditions of lemma 1, the following inequality holds:
sup
|(x1,...,xn−1)|≤R
∣∣∣f ◦ h−1i (x1, ..., xn−1, ω(x1, ..., xn−1))∣∣∣ ≤ sup
u∈Bρj
∣∣∣f ◦ h−1j (u)∣∣∣ .
Proof. Sine there exists a dieomorphism of lass C3 of the neighborhood Oi(x0) into
the ball Bρj (x0), then there exist mappings: u
p = kp(x1, ..., xn), p = 1, n, ∀x ∈ Oi(x0),
xp = gp(u1, ..., un), ∀u ∈ hj(h
−1
i (Oi(x0)). Hene for every point x ∈ Oi(x0) there exists point
u ∈ Bρj (x0) suh that f ◦ h
−1
i (x) = f ◦ h
−1
j (u). Lemma is proved.
Lemma 3 . The following inequality holds:
sup
|(x1,...,xn−1)|≤R
∣∣∣∣∣ ∂∂xk (f ◦ h−1i (x1, ..., xn−1, ω(x1, ..., xn−1)))
∣∣∣∣∣ ≤
≤M max
p=1,n
sup
u∈Bρj
∣∣∣∣∣ ∂∂up (f ◦ h−1j (u))
∣∣∣∣∣ , k = 1, n− 1,
where M = onst > 0.
Proof. We have
∂
∂xk
(
f ◦ h−1i (x
1, ..., xn−1, ω(x1, ..., xn−1))
)
=
=
∂
∂xk
(
f ◦ h−1j (u
1, ..., un)
)
=
∂
∂up
(
f ◦ h−1j (u
1, ..., un)
) ∂kp
∂xk
,
where the point (u1, ..., un) ∈ Bρj (x0), u
l = kl(x1, ..., xn−1, ω(x1, ..., xn−1)), l = 1, n. Sine the
funtions kp ∈ C3 then the funtions ∂k
p
∂xk
are bounded on |(x1, ..., xn−1)| ≤ R. Lemma 3 is
proved.
Lemma 4 . The following inequality holds:
sup
|(x1,...,xn−1)|≤R
∣∣∣∣∣ ∂
2
∂xk∂xq
(f ◦ h−1i (x
1, ..., xn−1, ω(x1, ..., xn−1)))
∣∣∣∣∣ ≤
≤M1

max
p=1,n
sup
u∈Bρj
∣∣∣∣∣ ∂∂up (f ◦ h−1j (u))
∣∣∣∣∣+ maxp,r=1,n supu∈Bρj
∣∣∣∣∣ ∂
2
∂up∂ur
(f ◦ h−1j (u))
∣∣∣∣∣

 ,
k, q = 1, n− 1,
where M1 = onst > 0.
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Proof. We have
∂2
∂xk∂xq
(
f ◦ h−1i (x
1, ..., xn−1, ω(x1, ..., xn−1))
)
=
=
∂2
∂up∂ur
(
f ◦ h−1j (u
1, ..., un)
) ∂kp
∂xk
∂kr
∂xq
+
∂
∂up
(
f ◦ h−1j (u
1, ..., un)
) ∂2kp
∂xk∂xq
,
where the point (u1, ..., un) ∈ Bρj (x0), u
l = kl(x1, ..., xn−1, ω(x1, ..., xn−1)), l = 1, n.
Sine the funtions kp ∈ C3 therefore the funtions ∂k
p
∂xk
and
∂2kp
∂xk∂xq
are bounded on
|(x1, ..., xn−1)| ≤ R. Therefore we obtain the proof of lemma 4.
Lemma 5 . The following inequality holds:∣∣∣f ◦ h−1i (x1, ..., xn−1, ω(x1, ..., xn−1))∣∣∣(|(x1,...,xn−1)|≤R)2,s ≤
≤M1
(
|f ◦ h−1j (u)|Bρj2,s + |f ◦ h
−1
j (u)|Bρj1,s
)
,
where M1 = onst > 0.
Proof follows from lemmas 2, 3 and 4.
Lemma 6 . For any funtion f ∈ C2,s(B¯ρj ) the following inequality holds:
|f |(Bρj )1,s
≤M2 |f |(Bρj )2,s
,
where M2 = onst > 0.
Proof. We have the inequality (see [1℄):
sup
u1,u2∈Bρj
|∂(f(u1))− ∂(f(u2))|
|u1 − u2|s
≤
≤M3

 2∑
k=0
sup
Bρj
|∂k(f)|


s
 1∑
k=0
sup
Bρj
|∂k(f)|


1−s
≤M3

 2∑
k=0
sup
Bρj
|∂k(f)|

 ,
where M3 = onst > 0. Therefore we obtain the proof of lemma 6.
3 Proof of theorem 1.
By lemmas 5 and 6 we have the inequality:
|f ◦ h−1i (x
1, ..., xn−1, ω(x1, ..., xn−1))|(|(x1,...,xn−1)|≤R)2,s ≤
≤M4|f ◦ h
−1
j (u)|Bρj2,s,
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where M4 = onst > 0. Sine the ball K¯ri is ompat, then for some j we obtain:
|f |∂Kri2,s
≤M5 |f |Bρj 2,s
(4),
where M5 = onst > 0.
Sine funtion f is a solution of lass C2,s(F ) of the problem Af = γ then we have the
inequality (see [1℄):
|f |Bρj2,s ≤M(Bρj )
(
|γ|Krj0,s +maxKrj
|f |
)
,
where B¯ρj ⊂ Krj .
We have the inequality (see [1℄):
max
Krj
|f | ≤ max
(
max
∂Krj
|f |; max
Krj
∣∣∣γ
c
∣∣∣
)
.
Sine F is ompat then there exists point x0 ∈ F suh that |f(x0)| = maxF |f |. Therefore
there exists neighborhood Ul suh that x0 ∈ Ul. Hene, we obtain:
max
Krj
|f | ≤ max
Krl
|f | ≤ max
Krl
∣∣∣γ
c
∣∣∣. (5)
We have the estimate (see [1℄):
|f |Kri2,s ≤M6
(
|γ|Kri0,s +maxKri
|f |+ |f |∂Kri2,s
)
,
where M6 = onst > 0. Using inequalities (4) and (5), we nish the proof of theorem 1.
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